The quasi-particle energy spectrum of the Hartree-Fock-Bogoliubov (HFB) equations contains discrete bound states, resonances, and non-resonant continuum states. We study the structure of the unbound quasi-particle spectrum of weakly bound nuclei within several methods that do not rely on imposing scattering or outgoing boundary conditions. Various approximations are examined to estimate resonance widths. It is shown that the stabilization method works well for all HFB resonances except for very narrow ones. The Thomas-Fermi approximation to the non-resonant continuum has been shown to be very effective, especially for coordinate-space HFB calculations in large boxes that involve huge amounts of discretized quasi-particle continuum states.
I. INTRODUCTION
A major challenge for theoretical nuclear structure research is the development of robust models and techniques aiming at the microscopic description of the nuclear many-body problem and capable of extrapolating into unknown regions of the nuclear landscape. Since the coherent theoretical framework should describe both well-bound and drip-line nuclei, of particular importance is the treatment of the particle continuum in weakly bound nuclei and the development of microscopic reaction theory that is integrated with improved structure models [1] .
For open-shell medium-mass and heavy nuclei, the theoretical tool of choice is the nuclear Density Functional Theory (DFT) [2] . Its main ingredient is the energy density functional that depends on proton and neutron densities and currents, as well as pairing densities describing nuclear superconductivity [3] . The HFB equations of nuclear DFT properly take into account the scattering continuum [4] [5] [6] [7] , and this is a welcome feature of the formalism.
The quasi-particle energy spectrum of HFB consists of a finite number of bound quasi-particle states and a continuum of unbound states. The so-called deep-hole quasi-particle resonances are unique to the HFB theory [6] . They can be associated with single-particle HartreeFock (HF) states that are well bound in the absence of pairing correlations but acquire a finite particle width due to the continuum coupling induced by the particleparticle channel. As discussed in the literature [7, 8] , those resonances cannot be properly described by BCSlike theories [9, 10] which yield particle and pairing densities which are not localized in space.
The role played by the HFB continuum has been a subject of many works [4] [5] [6] [7] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] . The proper treatment of quasi-particle continuum is important not only for ground-state properties but also for the description of nuclear excitations, e.g., within a self-consistent QRPA approach [22] [23] [24] [25] [26] . Within the real-energy HFB framework, the proper theoretical treatment of the HFB continuum is fairly sophisticated since the scattering boundary conditions must be met.
If the outgoing boundary conditions are imposed, the unbound HFB eigenstates have complex energies; their imaginary parts are related to the particle width. The complex-energy spherical HFB equations have been solved in Ref. [8] within the Gamow HFB (GHFB) approach, which shares many techniques with the Gamow shell model [27, 28] . Within GHFB, quasi-particle resonance widths can be calculated with a high precision. Alternatively, diagonalizing the HFB matrix in the Gamow HF or Pöschl-Teller-Ginocchio basis turned out to be an efficient way to account for the continuum effects [29] .
In addition to the methods that employ correct asymptotic boundary conditions for unbound states, the quasiparticle continuum can be approximately treated by means of a discretization method. The commonly used approach is to impose the box boundary conditions [7, 18, [30] [31] [32] [33] [34] , in which wave functions are spanned by a basis of orthonormal functions defined on a lattice in coordinate space and enforced to be zero at box boundaries. In this way, referred to as the L 2 discretization, quasi-particle continuum of HFB is represented by a finite number of box states. It has been demonstrated by explicit calculations for weakly bound nuclei [8, 13] that such a box discretization is very accurate when compared to the exact results.
In many practical applications involving complex geometries of nucleonic densities in two or three dimensions, such as those appearing in nuclear fission and fusion or weakly bound and spatially-extended systems, it is crucial to consider large coordinate spaces. At the same time, employed lattice spacings should be sufficiently small to provide good resolution and numerical accuracy. As a result, the size of the discretized contin-uum space may often become intractable. This is also the case for calculations employing multiresolution pseudospectral methods [35] which effectively invoke enormous continuum spaces. Therefore, it becomes exceedingly important to develop methods allowing precise treatment of HFB resonances and non-resonant quasi-particle continuum without resorting to the explicit computation of all box states. Our paper is devoted to this problem. Namely, we study the effect of high-energy, non-resonant quasi-particle continuum on HFB equations and observables and propose an efficient scheme to account for those states. The technique, based on the local-density approximation to HFB-Popov equations for Bose gases [36] , was previously used to approximate the continuum contribution in solving the Bogoliubov de-Gennes equations for cold Fermi gases [37] . Here, we extend this method to the nuclear Skyrme HFB approach.
We also study quasi-particle resonances and devise techniques to isolate them and estimate their widths using L 2 discretization. Several approximate methods are examined. In atomic physics, the so-called stabilization method has been widely used to precisely calculate resonance widths [38] [39] [40] [41] . A modified stabilization method, based on box solutions, was developed [40] and used to study single-particle resonances in nuclei [42] . Here, we demonstrate that the stabilization method also works reliably for quasi-particle resonances of HFB. Besides the stabilization method, a straightforward smoothing and fitting method that utilizes the density of box states is proposed and tested. Finally, we assess the quality of the perturbative expression [6] for deep-hole resonance widths.
This paper is organized as follows. Section II briefly reviews the properties of HFB equations. In Sec. III, we apply the local-density approximation to account for the high-energy quasi-particle continuum. We propose and test a hybrid HFB strategy that makes it possible to solve HFB equations assuming a low energy cutoff, thus appreciably reducing the computational effort. Section IV studies deep-hole HFB resonances with several methods: the smoothing and fitting method, the box stabilization method, and the perturbation expression. The applicability of each technique is examined. Section V contains illustrative examples for weakly bound Ni isotopes. Finally, conclusions are given in Sec. VI.
II. COORDINATE-SPACE HFB FORMALISM
In this section, we briefly recall general properties of the HFB eigenstates. The HFB equation in the coordinate space can be written as:
where h is the HF Hamiltonian;h is the pairing Hamiltonian as defined in Ref. [7] ; u i and v i are the upper and lower components of quasi-particle wave functions, respectively; E i is the quasi-particle energy; and λ is the Fermi energy (or chemical potential). For bound systems, λ < 0 and the self-consistent densities and fields are localized in space. In our work, we shall limit discussion to local mean fields. To relate better to other papers, in the following we should use the notation ∆(r) =h(r) for the pairing potential. For |E i | < −λ, the eigenstates of (1) are discrete and v i (r) and u i (r) decay exponentially. The quasi-particle continuum corresponds to |E k | > −λ. For those states, the upper component of the wave function always has a scattering asymptotic form. By applying the box boundary condition, the continuum becomes discretized and one obtains a finite number of continuum quasi-particles. In principle, the box solution representing the continuum can be close to the exact solution when a sufficiently big box and small mesh size are adopted.
The solution of Eq. (1) in non-spherical boxes is a difficult computational task. The recently developed parallel 2D-HFB solvers utilizing the B-spline technique offer excellent accuracy when describing weakly bound nuclei and large deformations [18, 32] . To solve the HFB equations in a 3D coordinate space is more complicated, but the development of a general-purpose 3D-HFB solver based on multiresolution analysis and wavelet expansion [32, 35] is underway. With the 2D-HFB box solver hfb-ax [32] , the HFB equation is solved by discretizing wave functions on a 2D lattice. The discretization precision depends on the order of B-splines, the maximum mesh size, and the box size. Using this solver, one can obtain an extremely dense quasi-particle energy spectrum by adopting a large box size. For example, there are about 7,000 states below 60 MeV if a square box of 40×40 fm is used. In this case, the 2D box solution corresponds to a high resolution of discretized continuum states.
III. THOMAS-FERMI APPROXIMATION TO HIGH ENERGY HFB CONTINUUM
In this section, the Thomas-Fermi (TF) approximation [36, 37] is applied to study high-energy HFB continuum contributions. Calculations are carried out within the Skyrme HFB approach. The accuracy of this method is tested by comparing with the results obtained using the full box discretization method.
A. Contribution from high-energy continuum states
The TF approximation to the HFB continuum was originally applied in the context of 1D Fermi gases [37] . Following the method of [36, 37] , we derive expressions for the continuum components to nucleonic densities due to high-energy scattering states within the Skyrme HFB approach.
The high-energy HFB wave functions u(r) and v(r) can be approximated by [15] [16] [17] 36] :
where ∇φ(r) ≡ p. In this approximation, the derivatives of u(p, r) and v(p, r), and the second derivatives of φ(r) are neglected, as well as the derivative terms of the effective mass and spin-orbit. The latter terms have negligible effects on high-energy states, and they are usually excluded in the pairing regularization procedure [15] [16] [17] .
The corresponding HFB equation (1) can be written as
where V (r) is the Skyrme HF potential; M * (r) is the density-dependent effective mass; and E(p, r) denotes the local quasi-particle energy. By introducing the HF energy ε HF (p, r) relative to the chemical potential,
E(p, r) takes the familiar BCS-like form:
In this work we consider the contact pairing interaction with the density-dependent pairing strength V pair (r). The resulting pairing potential ∆(r) can be written as:
where V 0 is the pairing interaction strength; ρ 0 is the saturation density 0.16 fm −3 ; and ρ(r) andρ(r) are the particle density and pairing density, respectively. The pairing potential (6) corresponds to the so-called mixed pairing interaction [43] .
The normalization condition in the p space, |u(p, r)
Consequently, the contribution to the particle density from the high-energy continuum states is given by
where E c is the quasi-particle energy cutoff above which the TF approximation is applied. In Eq. (8), the sum/integral symbol denotes the summation over the discretized continuum box states or, alternatively, the integration in the momentum space if the HFB equations are solved with the outgoing or scattering boundary conditions. Similarly, the high-energy continuum contributions to the kinetic density, pairing density, and pairing potential are given respectively by:
By separating the continuum contribution from the equation (6), we see that the TF procedure [36, 37] is formally equivalent to the pairing regularization scheme with an effective pairing interaction V ef f (r) [15] [16] [17] :
The expressions (8) (9) (10) (11) can be written in a compact form by replacing the momentum sum/integral by an integral over quasi-particle energy space between E c and the maximum cutoff energy considered E m :
where
The effective pairing strength (12) becomes
. (15) To examine the quality of the TF approximation for high-energy continuum states, we compared it with the results of box discretization calculations obtained with the HFB solver hfb-ax [32] for 70 Zn with the SkM * energy density functional (EDF) [44] and mixed pairing interaction. The pairing strength is taken to be V 0 = −234.85 MeV fm −3 that is adjusted so as to reproduce the neutron pairing gap of 120 Sn. The calculations have been carried out with the B-spline order of 12; the mesh size 0.6 fm, and the box size 24×24 fm. The nucleus 70 Zn is predicted to be spherical and has non-vanishing pairing in both protons and neutrons. Figure 1 displays the continuum contributions to particle, kinetic, and pairing densities due to unbound states from E c =40 MeV to E m =60 MeV. (In this energy window, the discretized HFB continuum contains no deephole resonances.) They were obtained from Eqs. (13) and from discretized hfb-ax solutions. It can be seen that the two methods produce very close continuum contributions to the local densities. For the neutrons, the continuum densities are mainly concentrated at the nuclear surface. The proton densities have a more pronounced volume character. We found that this difference is mainly due to different pairing potentials ∆(r) and depends weakly on mean-field potentials V (r). The continuum kinetic and pairing densities have similar shapes to the continuum particle densities. It can be seen, however, that the continuum contributions to pairing densities are larger than to continuum particle densities by two orders of magnitude. This is to be expected: the HFB continuum is strongly affected by the pairing channel [7] . Similar conclusions have been obtained in Ref. [20] .
It is to be noted that the kinetic and pairing density integrals in Eq. (13) are divergent and a finite upper limit for the integration E c must be taken. In practice, the dependence on E c can be avoided by adopting the pairing regularization (15) . As discussed in Refs. [15] [16] [17] , results obtained with regularized pairing are independent on the cutoff energy E c and are very close to the results of a pairing renormalization procedure adopted in this work. Moreover, as also pointed out in Refs. [45, 46] , the kinetic energy density τ c has the same type of divergence as the pairing densityρ c , and the sum of kinetic and regularized pairing energies converges.
B. The hybrid HFB strategy
We have seen that the Thomas-Fermi approximation to the non-resonant continuum gives results very close to the box discretization approach. This suggests a hybrid HFB strategy to separately treat the deep-hole resonances and the high-energy non-resonant continuum. Figure 2 schematically displays the HFB quasiparticle spectrum. As discussed earlier, the bound HFB solutions exist only in the energy region E i −λ. The quasi-particle continuum with E i > −λ consists of non-resonant continuum and quasi-particle resonances. Among the latter ones, the deep-hole states play a distinct role. In the absence of pairing, a deep-hole excitation with energy E i corresponds to an occupied HF state with energy ε i = −E i . If pairing is present, it generates a coupling of this state with unbound particle states with ε i ≈ −E i that gives rise to a quasi-particle resonance with a finite width.
The low-energy continuum with −λ < E i E c consists of many resonances that have to be computed as precisely as possible. Therefore, to this region we apply deep-hole states TF approximation box discretization bound states Quasi-particle energy FIG. 2: (Color online) Schematic picture of the HFB quasiparticle spectrum. In the energy region Ei −λ, quasiparticle states are bound. In the hybrid HFB strategy, the quasi-particle continuum with Ei > −λ is divided into the low-energy continuum with −λ < Ei Ec, which is treated by means of the box discretization, and the high-energy continuum with Ec < Ei
Em that consists of non-resonant continuum treated by means of the TF approximation and several deep-hole states. See text for details.
the box discretization technique. The high-energy continuum with E c < E i E m can be divided into the non-resonant part and several deep-hole states. While the non-resonant continuum can be integrated out by means of the TF approximation, deep-hole states have to be treated separately. Indeed, as discussed in Sec. IV below, deep-hole resonances are sufficiently narrow to be considered as a separate group of states.
To this end, we diagonalize the HF Hamiltonian,
to obtain wave functions v HF i (r) and single-particle energies ε i of deep-hole states. The function v HF i (r) is a very good approximation to the lower HFB component v i (r). In the BCS approximation, assuming the statedependent pairing gap (∆ i [7, 47] ),
the effective BCS occupation factor is:
Consequently, v HF i (r) is normalized to the BCS occupation v 2 i . The corresponding quasi-particle energy is related to the single-particle energy through
The hybrid HFB strategy is based on combining the box solutions below some low energy cutoff E c , the deephole solutions, and high-energy TF continuum. In this way, the total particle density (as well as other HFB densities) of the even-even system can be split into three parts:
where the continuum particle density ρ c of states between E c and E m is given by Eq. (13). In practical applications, the maximum cutoff energy E m is usually taken as 60 MeV−λ. The continuum contribution to the particle number,
is always included to meet the particle number equation. We tested this hybrid HFB strategy to calculate the binding energy of 70 Zn at different cutoff values E c . The HF equations (16) are solved using hfb-ax. Generally, the deep-hole single-particle energies ε i obtained from Eq. (16) are very close to the hole-like solutions of the full HFB diagonalization. In 70 Zn, for example, the quasi-particle energy of the 1s 1/2 neutron is E i =38.071 MeV, while the corresponding HF single-particle energy is −ε i =38.055 MeV. Figure 3 shows the total binding energy as a function of the neutron cutoff E c . It is seen that the total energy is perfectly stable for E c + λ n >30 MeV, and it is equal to the binding energy obtained by means of the full bock discretization (E c = E m ). At a low value of E c + λ n =15 MeV, the error of the hybrid method is only about 100 keV. At even lower values of cutoff, the TF approximation deteriorates rapidly [17] . Note that the pairing strength in the hybrid HFB should not be renormalized with E c . The choice of the cutoff E c is determined by positions of deep-hole levels; this information can be obtained by solving the HF problem. The hybrid strategy can also be modified to work with the pairing regularization procedure [17] . However, as seen in Fig. 3 , this technique cannot be used with a very low cutoff E c where resonances are densely populated.
IV. PROPERTIES OF DEEP-HOLE RESONANCES OF HFB
In this section, we study several approximate methods to calculate widths of HFB resonances. Calculations are performed for 70 Zn using the SkM * EDF and the mixed pairing interaction.
A. The smoothing and fitting method
From the box discretization of hfb-ax, one obtains a finite and very dense spectrum of continuum states. The deep-hole states are no longer isolated as in the BCS approximation; they become fragmented due to the pairing coupling with the neighboring particle-like continuum and acquire a decay width. The energy distribution of the occupation numbers
has roughly the Breit-Wigner shape. Figure 4 displays occupation probabilities for the Ω π =1/2 + , 1/2 − , and 3/2 − discretized neutron quasi-particle states in 70 Zn as a function of quasi-particle energy E i . Note that the angular momentum projection Ω and parity π are good quantum numbers in hfb-ax. It is apparent that the v 2 i distributions of 1s 1/2 , 1p 3/2 , and 1p 1/2 deep-hole states have resonance-like structure. For spherical nuclei, degenerate resonances with different values of |Ω| belonging to the same shell are expected to have the same width, and this is indeed the case for both magnetic substates of 1p 3/2 . Breit-Wigner resonance-like structures in occupation probabilities have also been predicted by the recent continuum HFB calculations [20] . In the Green function approach [6, 20] , the occupation probability is related to the continuum level density, which corresponds to a Breit-Wigner shape for resonances [41] . In the present work, we propose a straightforward smoothing and fitting method to estimate resonance widths from discrete v 
where Γ is a smoothing parameter. compact expression [41, 48] :
In the smoothing and fitting method, we fit the smoothed v 2 (E) distribution (22) using a two-term expression:
The first term is the smoothed Breit-Wigner resonance shape. The background contribution v One has to note, however, that for threshold resonances (such as those close to E = −λ), the distribution can strongly deviate from Breit-Wigner [13] .
As it has been pointed out in Ref. [41] , the fitting curve could be dependent on the smoothing parameter Γ. We checked that such a dependence is not significant as far as the resonance width is concerned if the value of Γ around 0.8 MeV is taken. Generally, one should use Γ ≫ Γ r . A very small smoothing parameter is not sufficient to smooth out the finite discretization effects. On the other hand, a large smoothing parameter can underestimate the resonance width [41] . Numerical errors can also arise from the fitting procedure if several resonances are overlapping. The discretization can yield a crude representation of occupation distribution if too small a box is used [20] . A high discretization resolution is of particular importance when it comes to narrow resonances. Another advantage of the direct smoothingfitting method discussed here is that it can be applied to resonances in deformed nuclei.
B. The box stabilization method
The stabilization method [38] is an L 2 method, and has been used to obtain precisely the resonance energy E r and widths Γ r in atomic [39, 40, 49] and nuclear [50, 51] physics. Based on the box solutions, the HFB resonances are expected to be localized solutions with energies weakly affected by changes of the box size. The stabilization method allows to obtain the resonance parameters from the box-size dependence of quasi-particle eigenvalues.
To this end, one introduces the continuum level density ∆(E),
where H 0 is the non-interacting Hamiltonian of the system. The continuum level density is related to the phase shift by
In a modified stabilization method, one can obtain the phase shift using the box-discretized continuum [40] . Firstly, we compute quasi-particle energies E j (L) with different box size L using the spherical HFB solver hfbrad [30] . Figure 6 shows that the discretized quasiparticle energies generally smoothly decrease as the box size increases. Around the resonances, however, the energies are fairly constant. Starting from a sufficiently large box L 0 , calculations are done on a grid with the spacing δL:
In this way, eigenvalues E j are stored in arrays E j (L). By using the Akima interpolation [52] , we obtain the values of L j (E) corresponding to a box size with which the j th eigenvalue equals to E. In the next step, the phase shift is obtained from [40] : (29) where N (E) is the number of eigenvalues for which E j (L 0 ) < E. To obtain the resonance energy E r and the width Γ r , we fit the phase shift δ(E) by using the expression:
whereδ b (E) represents the smoothly changing background contribution parametrized as: Figure 7 shows the phase shifts of the neutron 1s 1/2 resonance obtained with different step numbers M . It can be seen that the background becomes more smooth as the step numbers increase. Generally, a large ∆L is necessary to smooth out the background, so as to reduce the fitting errors in a and b in Eq. (31) . In our calculation, we also find that for very narrow resonances, a small value of δL is important for the interpolation precision. In principle, as δL → 0 and ∆L → ∞,
one can get very accurate resonance parameters. In practice, however, calculations with a large box and small step sizes are very expensive even with a fast hfbrad solver. The eigenvalue spectrum of hfbrad is sparse, resulting in statistical errors in the calculations of phase shift. For low-energy HFB resonances, this situation is even worse since these eigenvalues change very slowly as the box size increases, as shown in Fig. 6 . In this case, the calculated background is not sufficiently smooth. Currently, the stabilization method is limited to spherical boxes as in hfbrad. The extension of the stabilization method to deformed cases will be the subject of future work.
C. The perturbative expression
Assuming that the pairing coupling can be treated perturbatively, the width of a deep-hole HFB resonance can be given by the Fermi Golden rule [4, 6, 7] :
where ∆ is the pairing potential; v HF is the bound wave function of the HF potential corresponding to the singleparticle energy −E +λ, and u 0E is the scattering solution of the HF equation with energy E + λ.
At a large distance, the scattering wave function u 0E has the usual asymptotic form:
where F l and G l are the regular and irregular Coulomb functions, respectively; δ l is the phase shift; and k = 2m(E + λ)/ 2 . The scattering wave function is found with the help of Ref. [53] . In the calculation of scattering wave functions, 2 /2m is taken as a constant 20.734 MeV, to avoid problems related to the density-dependent effective mass. Table I displays the widths of high-energy deep-hole states in 70 Zn calculated with the smoothing-fitting method, box stabilization method, and perturbative expression. It is seen that the widths obtained with the smoothing-fitting method and box stabilization method are always fairly close. For protons, all three methods yield similar results. However, the perturbative expression predicts widths that are too small for the 1p 3/2 and 1p 1/2 neutron states. The difference is due to a surfacepeaked neutron pairing potential that is very different from that of protons (see Fig.1 ). Indeed, for surfacepeaked pairing, the overlap between u 0E (which exhibits rapid spatial oscillations), v HF , and ∆(r) is too sensitive to small changes in u 0E . For more discussion on limitations of the perturbative expression (33) , see also the schematic model analysis in Ref. [6] . Table I , the width of the proton 1d 5/2 state is very small. This is because the upper component wave function of this ℓ = 2 state is quasi bound, due to the confining effect of the Coulomb-plus-centrifugal barrier (see Fig. 8 ). For such narrow resonances, the stabilization method cannot easily be applied. 
Compared to other deep-hole resonances in

V. APPLICATIONS TO WEAKLY BOUND NUCLEI
The effects of continuum are expected to increase when moving towards the neutron drip line [54] . Especially for very weakly bound nuclei exhibiting halo structures, there exists a strong interplay between pairing and continuum [55] [56] [57] . Here, we investigate the role of continuum contributions in the neutron-rich Ni isotopes. These nuclei have been studied by the Gamow HFB (GHFB) method and the exact quasi-particle resonance widths of 90 Ni are available [8] . The GHFB work provides an excellent benchmark for our approximate resonance widths.
As in Ref. [8] , the calculations have been carried out with the SLy4 EDF [58] and the surface pairing interaction [43] , with the strength V 0 =−519.9 MeV fm −3 . In Fig.9 , we show the high-energy continuum contributions to the neutron pairing densities in 84, 86, 88, 90 Ni, obtained using the TF approximation (13) . It can be seen that the continuum pairing density acts in the surface region, and increases as nuclei become less bound. This is consistent with the earlier findings [7] that continuum becomes important for nuclei close to the drip line. .) It is seen that the high-energy continuum contribution to pairing density strongly depends on character of pairing interaction [6, 7] . In particular, in the case of surface pairing, the continuum contribution is remarkably larger than for other two pairing functionals, indicating its very different behavior in weakly bound nuclei [12] . Actually, as it has been discussed [32] the surface pairing is essential for the existence of bound 90 Ni. Table II displays the widths of neutron resonances in 90 Ni calculated using different techniques. In the calculations with the box stabilization method, we used L 0 =22 fm, M =400, and δL=0.06 fm, see Eq. (28) . Figure 11 illustrates the quality of calculations for the neutron 1p 3/2 resonance. It is seen that the fitted phase shift agrees well with that obtained from the stabilization method. Systematically, the box stabilization method predicts slightly larger widths as compared to GHFB. This is consistent with findings of Ref. [39] where the stabilization method generally overestimates the widths by 10%. In particular, it is shown that the widths of very narrow resonances are largely overestimated. The width of the 1s 1/2 state is so narrow that it is beyond the applicability of the stabilization method. The very narrow 1g 9/2 state belongs to the class of special HFB resonances of Fig.8 . Among the resonances, the 1g 7/2 and 1h 11/2 states are also single-particle resonances in the Hartree-Fock theory [8] . Other than that, Within the smoothing-fitting method, the quasiparticle energy spectrum is obtained by hfb-ax by taking a large box of 38×38 fm. The widths given by the smoothing-fitting method agree with the exact numbers within a factor of two. We have found that the fitting precision is compromised when several resonances overlap. For the low-energy resonances, the total occupation numbers v 2 in Eq.(25) are very small and can induce additional fitting errors. Besides, as we have discussed earlier, it is not proper to fit the occupation probabilities of low-energy resonances near the Fermi energy using a Breit-Wigner shape. In spite of all those reservations, the precision of the smoothing-fitting method is quite satisfactory.
For neutron HFB resonance widths in Ni isotopes, our calculations predict that generally the widths would slowly increase as the drip line is approached. For example, the widths of the neutron 1p 3/2 state in 86 Ni, 88 Ni, and 90 Ni calculated by the stabilization method are, respectively, 25.97 keV, 28.25 keV, and 30.84 keV. This is consistent with Fig. 9 : the widths grow with the increased pairing-continuum coupling.
VI. CONCLUSIONS
In this work, we performed a comprehensive study of quasi-particle continuum within the HFB theory. The purpose of this investigation is twofold. Firstly, we tested a truncation scheme based on the Thomas-Fermi approximation to limit the continuum space in realistic calculations carried out in huge configuration spaces (or large spatial boxes) that yield huge amounts of discretized unbound states. Secondly, we studied properties of HFB resonances, including deep-hole states. We compare sev- eral methods to estimate resonance width and discuss their strengths and weaknesses. The TF approximation to the high-energy continuum states in the hybrid HFB variant, in which deephole states and non-resonant continuum are separately treated, has been found very effective for it fully reproduces results obtained with the full box discretization. The high-energy non-resonant continuum has been found to have a similar spatial behavior for particle, kinetic, and pairing densities. This distribution is mainly determined by the pairing potential. The continuum contribution to the pairing density is substantial for weakly bound nuclei and it has appreciable spatial extension. The hybrid method will be useful in reducing the computational cost of 3D coordinate-space HFB calculations. The HFB quasi-particle resonance is unique to the HFB theory and is a fascinating topic in its own right. We examined three approximate methods to study the resonance widths based on HFB box solutions. In the smoothing-fitting method, resonance parameters are obtained by fitting the smoothed occupation numbers obtained from discretized solutions. The box stabilization method is based on the fact that quasi-particle energies of continuum states change with the box size. By comparing with the exact Gamow HFB results obtained by imposing outgoing boundary conditions [8] , we have demonstrated that the stabilization method works fairly well for all HFB resonances, except for the very narrow ones. The smoothing-fitting method is also very effective and can easily be extended to deformed cases. The perturbative Fermi golden rule is found to be unreliable for calculating widths of neutron resonances. The only exceptions are narrow metastable deep-hole states such as high-ℓ states and low-lying proton resonances.
Illustrative examples have been provided for the dripline Ni isotopes. We found that continuum densities strongly depend on the density dependence of pairing interaction. In particular, surface pairing produces very large continuum pairing densities. The obtained neutron widths of 90 Ni are generally larger than that of stable nuclei. The presence of broad quasi-particle resonances in weakly bound nuclei suggests that quasi-particle continuum plays an important role in the description of excited states. In addition, we expect that the determination of neutron resonance widths can be useful to estimate neutron emission half-lives of excited states above the neutron emission threshold.
In summary, we have demonstrated that one can implement powerful approximations to incorporate the vast quasi-particle continuum space without explicitly imposing scattering or outgoing boundary conditions. We expect our work can also be useful in the context of continuum-QRPA applications. The approximate techniques used in this study have demonstrated the precision of the box discretization in representing the continuum and deep-hole resonances, especially important for nuclei near drip lines where continuum effects are large.
